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The problem of rendering the origin an asymptotically stable equilibrium point of a nonlinear system while
optimizing some measure of performance has been the object of much attention in the past few years. In contrast
to the case of linear systems where several optimal synthesis techniques (such as Ho , H3, and £!) are well
established, their nonlinear counterparts are just starting to emerge. Moreover, in most cases these tools lead to
partial differential equationsthat are difficult to solve. In this paper we propose a suboptimalregulator for nonlinear
affine systems based upon the combinationof receding horizon and control Lyapunovfunction techniques. The main
result of the paper shows that this controller is nearly optimal provided that a certain finite horizon problem can
be solved on-line. Additional results include 1) sufficient conditions guaranteeing closed-loop stability even in cases
where there is not enough computational power available to solve this optimization on-line and 2) an analysis of the
suboptimality level of the proposed method. These results are illustrated with two simple examples comparing the
performance of the suboptimal controller against that achieved by some other popular nonlinear control methods.

I. Introduction

LARGE number of control problems involve designing a

controller capable of rendering some point an asymptoti-
cally stable equilibrium point of a given time-invariant system
while optimizing some performance index. This problem is rele-
vant for disturbance rejection, tracking, and robustness to model
uncertainty.! In the case of linear dynamics, this problem has been
thoroughly explored during the past decade, leading to powerful
formalisms such as u synthesis and €' optimal control theory that
have been successfullyemployedto solve some hard practical prob-
lems. More recently, these techniques have been extended to handle
multiple, perhaps conflicting, performance specifications (see, for
example, Refs. 2 and 3 and references therein).

In the case of nonlinear dynamics, popular design techniquesin-
clude Jacobian linearization (JL),* feedback linearization (FL),*
the use of control Lyapunov functions (CLF),>~7 recursive back-
stepping, and recursive interlacing® Although these methods pro-
vide powerful tools for designing globally (or semiglobally) stabi-
lizing controllers, performance of the resulting closed-loopsystems
can vary widely, as we illustrate in the sequel with the problem of
controlling a thrust-vectored aircraft. A simplified planar model of
the system is shown in Fig. 1, with the corresponding dynamics
given by (see Refs. 9 and 10 for details):

X —gsin 0 cos@/m —sinO/m
u
V| =]g(cosO—1) |+ [sin0/m cosO/m |: li| (D)
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6 0 rlJ 0 :
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where x, y, and 6 denote horizontal, vertical, and angular position,
respectively, and where u, and u, = ii, + mg (Following Ref. 9,
the control u, has been shifted to compensate for gravity.) are the
control inputs.

Assume that the goal is to drive the system to the origin while
minimizing a performance index of the form

J(xo,u)zf [E'Q& + ' Ru]dt 2)
0

&oy=[0 0 0 125 0 0] 3)
Q=diag[5 5 1 1 1 5], R=hx, (4

corresponding to the following choice of state variables: & =
[x y 6 x 7y 6]

Table 1 comparesthe performanceachievedby several commonly
used nonlinear control design methods. As shown there, in this case
the performance of the CLF and JL controllersis worse, by an order
of magnitude,than the optimal cost (obtained by offline optimization
using a conjugate gradientalgorithm'!). Indeed, an invited sessionat
the 1996 Conference on Decision and Control (CDC)'? and a recent
workshop on nonlinearcontrol' have shown that while the methods
just mentioned can recover the optimal under certain conditions;in
general there are no guarantees on the performance of the resulting
system.

As analternative,during the past few years nonlinearcounterparts
of He (Refs. 13-16) and €' (Ref. 17) have started to emerge. Al-
though these theories are appealing because they guarantee optimal
performance (at least in a given sense), from a practical standpoint
they suffer from the fact that they lead to Hamilton-Jacobi-Isaacs
type partial-differential equations that are hard to solve, except in
some restrictive, low-dimensional cases.

Finally, there are two classes of methods that do not guaran-
tee, in general, global stability, but work well in practice. The first
is the class of state-dependent Riccati equation methods (SDRE)
developed by Cloutier and coworkers,'® based upon recasting the
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Table1 Comparison of different methods
for the thrust-vectored aircraft example

Method Cost
Exact 1115
CLF'0 2.53 x10*
JL + LQR?10 1.1 x10°

ALinear quadratic regulator.

Fig. 1 Simplified model of a
thrust-vectored aircraft.

Net Thrust

nonlinear plant into a linear-like, state-dependent form and solv-
ing at each point a Riccati equation. Although at the present time
only local stability of the resulting system has been formally es-
tablished, consistent experience indicates that the method works
well, often outperforming other techniques.® For instance, for the
thrust-vectored aircraft example just mentioned, SDRE regulation
yields a cost J =1646, significantly outperformingthe JL and CLF
methods.

The second class, receding horizon (RH) control methods, is
based upon the on-line solution of a finite-horizon optimal con-
trol problem at each sampling instant k7. The first element of the
resulting (open-loop) control sequence is implemented over the in-
terval [kT,, (k + 1)T;]. At time (k + 1)7, the process is repeated
with the new initial condition x; ; ;. These methods are appealing
because they allow for explicitly handling constraintsand guarantee
optimality in some sense. Moreover, becausethe optimizationis car-
ried only along the present trajectory of the system (i.e, locally), the
resulting computational complexity is far less than that associated
with finding the true global optimal control (a task that entails solv-
ing a Hamilton-Jacobi type equation). However, in contrast with
the linear case (where global stability has been established!®-?),
for nonlinear plants only local stability results are available ! For
instance, for the thrust-vectored aircraft example a standard reced-
ing horizon controller fails to stabilize the plant until the horizon
is increased to Ty =2 s. In this case such an horizon effectively
amounts to solving on-line the complete trajectory, an approach
clearly impractical, even for moderately sized problems. Modified
nonlinear RH formulations addressing this problem have been pro-
posed in Refs. 22 and 10, but these approaches achieve stability at
the expense of performance.

In this paper we propose an alternative controller for suboptimal
regulation of nonlinear affine systems, based upon the combination
of receding horizon and control Lyapunov functions ideas. This ap-
proach follows in the spirit of a similar controller successfully used
in the case of constrainedlinear systems,'*>* where a receding hori-
zon was used to drive the system to an invariantneighborhoodof the
origin where a stabilizing controller is available. In the first part of
the paper, we show that combining these ideas with a suitable finite-
horizon approximation of the performance index leads to globally
stabilizing, nearly optimal controllers, provided that enough com-
putational power is available to solve on-line an optimization prob-
lem. As a comparison, the nonlinear RH controller proposed in
Ref. 22, also based upon the use of dual-mode control, although
guaranteed to stabilize the plant under comparable computational-
time constraints, does not approximate the optimal cost, leading to
a mismatch between the predicted and actual trajectories and their
respective associated costs.

In the second part of the paper, we show how to modify the
proposed controller to guarantee global stability in the face of com-
putational time constraints, and we establish a connection with the
well known CLF methodology. Additional results include an anal-
ysis of the suboptimality of the proposed method and show that if
an approximate solution to the problem is known in a set containing
the origin then our controller yields an extension of this solution
with the same performance level.

The paper is organized as follows: in Sec. II we introduce the
notation to be used and some preliminary results. In Sec. III we
show that the infinite horizon regulation problem is approximately
equivalentto a finite horizon problem, and we analyze the properties
of this approximation.In Sec. IV we presentthe proposedcontroller,
and we analyze the propertiesof the resulting closed loop. Section V
briefly addressestheissue of selectingappropriate CLFs. Section VI
illustrates the synthesis method with two simple examples. Finally,
in Sec. VII we summarize our results, and we indicate directions for
future research.

II. Preliminaries
A. Notation and Definitions
Consider the control-affine nonlinear system

X = f(x)+gx)u ®))

where x € R", u € R™, the vector fields f(-) and g(-) are known C!
functionsand where f(0) =0. Given a function V: R" — R, its Lie
derivative along f is defined as

oV
LyV(x) =a—xf(X)

Definition 1: A positive definite and radially unbounded C! func-
tion V: R" — R, is a CLF for the system (5) if
inf[L,V(x)+ L,V(x)u] <0 Y A0 (6)

It is well known (see, for example, Ref. 4, p. 26) that existence of
a CLF is equivalent to the existence of a globally asymptotically
stabilizing feedback control law u(x). (If, in addition, the so-called

small control property holds then the stabilizing control law is con-
tinuous.)

B. Nonlinear Regulator Problem
Consider the nonlinear system (5). Our goal is to find a feedback
control law u(x) that minimizes the following performance index:

J(xo, u) =/ [x' Q(x)x+u'R(x)u]dt, x(0)=x, (7)
0

where Q(+) and R(+) are C!, positive definite matrices. [This condi-
tion can be relaxed to Q(x) >0.] Itis well known (Ref. 24, Sec. 8.5)
that this problem is equivalent to solving the following Hamilton-
Jacobi-Bellman (HJB) partial differential equation:

oV 1oV oV
0=—f———gRg—

0x ! 4 0x § § 0x
If this equation admits a C' nonnegative solution V, then the op-
timal control is given by u = —%R‘lg’(a V'/0x) and V(x) is the
corresponding optimal cost (or storage function), i.e.,

+x'Q(x)x, V()=0 (8)

V(xy) = min J(xg, u)

III. Equivalent Finite Horizon Regulation Problem

Unfortunately, the complexity of Eq. (8) prevents its solution,
except in some very simple, low-dimensional cases. To solve this
difficulty,in this section we introducea finite horizon approximation
to the nonlinear regulation problem, and we analyze its properties.
This approximation forms the basis of the proposed method.

Lemma 1: Consider a compact set S containing the origin in
its interior and assume that the optimal storage function V(x) is
known for all x €S. Let v = min,¢,5 V(x), where 0 S denotes the
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boundary of S. Finally, define the set § = {x: V(x) <v}. Consider

the following two optimization problems:

minu{l(x(), u) =/ [x'O(x)x + u'Ruldt: x(0) =x0} 9)
0

T
min, { Jr(xg, u) = / [x' Q(x)x + u'Ru] dt
0

+ V[x(T)]: x(0) =x0} (10)

subject to Eq. (5). Then the following facts hold:

1) Let u°(-), x°(+) denote an optimal solution of problem (10)
and the correspondingtrajectory, respectively.If x°(7T) € §, then the
controllaw u°() is also optimal for Eq. (9) in the interval [0, T'].

2) Consider now T, > T. If x°(T) € §, then a controller that op-
timizes Jr is also optimal with respectto Jy, in [0, T].

Proof: Consider first the following free terminal time problem:

t
J%(x, t) = min, {V[—x(tf)] + / [x'Ox + u'Ruldt:x(0) = xo}
t
subject to:
x(t;) €S (11)
The optimal return function satisfies?*

aJ oJ 10J oJ'
=—+ —f———gR'g— +x' 12
O=Frtox/ —aaxek gy Trewxy (12

withboundaryconditionJ(x, t) =V (x)forx € S. Clearly thisequa-
tion admits as solution J(x, t) = V(x). Thus problems (9) and (11)
are equivalent. To establish the first claim, we will show that an
optimal solution u° of Eq. (10) is also optimal for Eq. (11) [and
thus Eq. (9)], provided that x°(T) € S. To this effect, note that
the Euler-Lagrange optimality conditions for problems (10) and
(11) are identical, except for the additional transversality condition
H[u® x°(t), 2°(t;)] =0 that appears in the latter, where A(f) de-
notes the costates. The boundary condition for A in problem (10) is
given by

oV

A(T) = — (13)

x(T)

Because x°(T) € §, it follows that x°(T), u®(T), A°(T) satisfy the
HJIB equation (8), or equivalently H[u°, x°(T), A°(T)] =0. Thus,
an optimal solution of Eq. (10) is also optimal for Eq. (11).

To establish the second claim, note that the set S is positively in-
variant with respect to the optimal control law. Consider now the
following control law:

ul(t) for
u*= A%

-iR” ‘g’ax t>T (14)

Because V(x) is the optimal return function in S and this set is
invariant, it follows that

t€0,T]

T
V[X(T)]=V[X(T1)]+/ (x* Ox* + u™ Ru*) dt
T

Thus Jr,(x, u*) =Jr. From the equivalence of Eq. (10) and the
free terminal time problem (11), it follows that J;, >Jr. Hence
min, Jr, =Jr, and u* is the corresponding optimal control law. O

This lemma shows that if a solution to the HIB equation (8) is
known in a neighborhood of the origin, then it can be extended
via an explicit finite horizon optimization, well suited for an on-
line implementation. This suggest a receding-horizon-type control
combining an on-line optimization with an off-line phase to find a
local solution to Eq. (8). However, finding (and storing) this local
solution can be very computationallydemanding in cases where the
dimensionof the problemis notlow. Thus, it is of interest to consider
the case where an approximation W (x) rather than the true storage

function V (x) is used in Eq. (10). The next result shows that in this
case the approximation error does not grow (to the first order). In
other words, the difference between the true optimal V[x(0)] and
Jr[x(0)]is approximately equal to the difference between V [x(T)]
and ¥ [x(T)].

Theorem I: Let ¥: R"— R, be a positive definite function and
consider the following optimization problem:

T
Jo(x, 1) = min/ (x’Qx + u’Ru) dr + ¥Y[x(T)] (15)

subject to Eq. (5). Then
Jo(x, 1) = V[x()] =¥ [x(T)] = V[x(T)]

ol |2

where e(x, t) = Jy(x, t) — V(x) denotes the approximation error.
Proof: By considering the Hamilton Jacobi equations for Jy and
V., itcanbeeasily shown thate(?, x) satisfies the followingequation:

0 0 1 0J. 10 de’
0=—€+—e(f—5gR_1g’—\¥>+ egR 'd—  (17)

de
ax

2
} + O(dr?) (16)

x(T)

ot 0x 0x 40x 0x

By exploiting the fact that the optimal control law for Eq. (15) is
given by

1 0Jy
=——R7lg— 18
Uy 5 8 3x (18)
Eq. (17) can be rewritten as
0 ae+ (f+ )+lae R_l,ae’ ae+ae.
==+ — u -— — —J
o1 BT ox 8 8%y Tor T ox
L Loe oo ,oe’ s Loe oo ,oe’ (19)
- —o+ ——
1ox%" 8ox 18" $ox
From this last equation it follows that
10e oe’
oT) =—7—gR™'g'— (20)
" 4ox 0x
x(T)
Expanding e(?) in a Taylor series around t =T yields
e(t) =e(T) + &(T)dt + O(dr?)
10 de’|
—e(T) - =R g% & + O@r?) 1)
40x 0x
x(T) O

Corollary 1: Assume that P is selected so that |[de[x(T), T/
0x||=0. Then Jy(x,t) = V[x()] =Y [x(T)] - V[x(T)] (to the
first order in dr) along the trajectories of the system.

From Lemma 1 it follows that, given an initial condition x(0),
problem (9) can be solved by solving a sequence of problems of the
form [Eq. (10)] with increasing T until a solution is found such
that x(T) € §. Moreover, once such a solution is obtained, no fur-
ther improvement of the cost can be achieved by increasing the
horizon T. These results suggest the following receding-horizon-
type control law. Let x(¢) denote the current state of system (5).
Then

0) Data: V(x), S, a sampling interval 6T .

I)Ifx(t)GS u=- g'@V'/ox).

2)If x(¢) £ S, then solve a sequence of optimization problems of
the form [Eq. (10)] until a solution such that x(7') € § is found. Use
the corresponding control law u(¢) in the interval [#,, t, + 6T].

From the preceding results it is clear that the resulting control
law is globally optimal and thus globally stabilizing. However, as
we indicated before, the computational complexity associated with
finding V (x) (even only in the region §) may precludethe use of this
controllaw in many practicalcases. Thus, itis of interestto consider
a modified control law where an approximation W(x) [rather than
V(x)] is used. To this effect, consider a compact set S containing
the origin in its interior and let ¥: S— R,, Y € C! be a CLF for
system (5). Denote by uy the corresponding control law. Finally, let
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¢ = min, ¢35 ¥(x) and define the set Sy < § = {x: ¥(x) <c}. Then
we propose the following modified control law:

0) Data: ¥(x), S,,, 8T, a positive definite function o(x).

1) If x € Sy, uy(x) = argmin, {|lull: L, ¥+ L,Yu <—o(x) <
0}.
2) If x ¢ Sy, then consider an increasing sequence 7;. Let

T
up = argmin{ / (x’Qx + u’Ru) dr + ‘{’[x(T)]}
0

Denote by x*(-) the corresponding optimal trajectory and define
T(x) = inf{T:x*(T) € Sy }. [From Barbalat’s Lemma* (p. 491) we
have x'Ox + u'Ru— 0 as T — oo . Hence for every x,, T(x,) is
finite.] Then uw(x) =uj ., (1), 1€ [to, to + OT].

From Theorem 1 it follows that the suboptimality associated
with the modified algorithm is approximately given by ey =
sup, ¢ g, [¥(x) = V(2)l.

Theorem 2: Assume that o[Q(x)] > o, > 0 for all x, where o(-)
denotes the minimum singular value. Then the control law uy
globally stabilizes Eq. (5).

Proof: Consider first an initial condition x(0) =x, ¢Sy. Let

T (x0)
J(xy) = / (x* Ox* + u” Ru*)dr + ‘{’{x*[T(xU)]}
0

where u*(+), x*(-) denote the optimal control and the correspond-
ing trajectory. Let x; =x*(dr) [with df >0 small enough so that
x*(dr)  Sy]. Because x*(¢), € [dz, T]is also a feasible trajectory
starting from x|, we have that

dr

T(x1)
J(x)) = inf( / (x'Ox + u'Ru)dr + ‘P{x[T(xQ]})

T (x0)
5/ (x¥ Ox* + u®Ru*)dr + ¥ {x*[T (x0)]}

dr
dr
= J(xo) — / (x¥ Ox* + u*Ru*)dr (22)
0
Thus,

dt
J(x1) = J(x) = —/ (x* Qx* + u” Ru*)dr

0
dr
< —/ (x¥Qx* dr (23)
0
It follows that
J = lim et +dt) — JIx(O]) <-x)0x(t)<-oa, -|Ix|| <0

dr— 0 dt

Because J(x) > 0 and J(x) < 0 forall x & Sy, it follows that trajec-
tories originatingoutside this setreach it in a finite time. Asymptotic
stability now follows from the facts that Sy is invariant with respect
to uy (i.e., trajectories starting in the set never leave it) and that
Y (x) is a CLF there. 0

IV. Modified Receding Horizon Controller

In the last section we outlined a receding-horizon-type law that
under certain conditions is nearly optimal and globally stabilizes
system (5). Although most of these conditions are rather mild (es-
sentially equivalentto the existence of a CLF), the requirement that
T should be large enough so that x(7') € Sy could pose a prob-
lem, especially in cases where the system has fast dynamics. In this
section we propose a modified control law that is guaranteed to sta-
bilize the system, even when this condition fails, and that takes into
account computational time constraints.

Consider the following receding horizon control law:

Algorithm 1:

0) Data:a CLF ¥ (x), an invariantregion Sy suchthat0 € int{Sy },
a horizonT.

1) If X(1) € Sy, uy(x) =argmin, {lull: L, ¥ + L, Yu <—o(x)
<0}

2) If x() € Sw, then uw(x) =u(t) where u(A), A€[t, t + T]is
given by

T+1
u =argmin{ / (x'Qx + u'Ru)dt + P[x(T + t)]} (24)
u t
Subject to:
—olx(t + T)] =x(t + TY Ox(t + T) + L;¥|.+7)

+ min {V'Rv + LWl 4 1)V} = x(1) Qx (1) — u' (1) Ru(r)
(25)

where o(x) is some positive definite function such that o(x) <
x'Qx.

Theorem 3: The controllaw 1y generatedby Algorithm 1 has the
following properties:

1) It renders the origin a globally asymptotically stable equilib-
rium point of Eq. (5).

2) It coincideswith the globally optimal control law when W (x) =
V(x).

3) It is nearly optimal (in the sense of Theorem 1) when
)C(T) € S\y .

Proof: To prove stability, proceeding as in Theorem 2, consider
first an initial condition xy & Sw. Denote by u*, x* the optimal con-
trol and associated trajectory respectively. Then

u +dr

T+i+dt
Jlx(r + dp)] =min{ / (x'Qx + u'Ru)dt + Y[x(T +1t

T+t
+ dt)]} s/ (x*Qx* + v¥Rv*)dt + ¥[x*(T + 1)]

+dt

+ min{x*(T + 1)Qx*(T + 1) + vV'Rv + W[x*(T + 1)]}dt

= J[x(0)] = [x*() Ox*(t) + u™ (1) Ru*(t)] dt

+ minfx”(T + )Ox*(T + 1) + v'Rv + W[x*(T + 1)]}dt
! (26)
Therefore, if Eq. (25) holds, then we have

Jhe( + dnl = JIx()] _ —o(x)<0 (27

J = lim
dr—0 dr

Hence the trajectories starting outside Sy reach this set in a finite
time. As in the proof of Theorem 2, once there asymptotic stability
is guaranteed by the control Lyapunov function '¥'.

To prove item 2, note that when ¥(x) =V (x) then from the
Hamilton Jacobi equation (8) we have
x(t +TYQOx(t +T)+ LY +m)

+ min{v’Rv + Lg‘{"lx(,+r)v} <0 (28)

Thus in this case the constraints (25) are redundant. The proof fol-
lows now immediately from Lemma 1. Finally, the proof of item 3
follows from Theorem 1.

Remark 1: If T — 0 in Eq. (24), then uy is given by the solution
to the following optimization problem:

uy = argmin{u’'Ru + L,Yu} (29)

u

Subject to:

olx(t)] + L ¥[x(t)] + L P[x(0)]u + alx(r)] =0 (30)
where —a(x) is the desired negativity margin.?® The solution to this

optimization problem is given by
R—l /
Uy =_l//0 _IW1 (31)

viR™ 'y
where
vo = L¥[x()] + olx(6)] + afx(1)], v =L, ¥[x(1)]

(32)
This is precisely the inverse optimal controller proposed in Ref. 25



SZNAIER ET AL. 403

Finally, before closing this section we considera modified control
law that takes into account the sample and hold nature of receding-
horizon implementations.

Algorithm 2:

0)Data: a CLF ¥ (x), an invariantregion Sy such thatO € int{Sy },
ahorizon T, a samplinginterval 6T, a positivedefinite function o(-).

DIf x(t) € Sy, u,(x) = argmin, {|lull: L ;¥ + L,Yu <—o(x) <
0}.
2) If x(t) € Sy, then u,(t) =u(rt), T €[t, t + 5T, where u(-) is
given by

T+
u =argmin{ / (x'Qx + u'Ru)dt + Y[x(T + t)]} (33)

u

Subject to:
—olx(A+t+ )] =x(A+t+T)YQx(A+t+T)
+ L ¥ligaren + WA+t +T)Ru(A+1+T)
+ Ll ienu(A+ 1+ T) = x(2) Qx(t) — u'(t) Ru(r)

forall 0<A<dT (34)
(]

Lemma 2: The control law u, renders the origin a globally stable
equilibrium point of Eq. (5). Moreover, it is nearly optimal and
coincides with the globally optimal control law when W (x) =V (x).

Proof: The proof, omitted for space reasons, follows along the
same lines of the proof of Theorem 3.

V. Selecting Suitable CLFs

In principle, any of the methods available in the literature for
finding CLFs such as feedback linearization and backstepping (see,
for instance, Refs. 7 and 26) can be used to find the function ().
However, as shown in Lemma 1 the suboptimality level incurred by
the proposed algorithm s roughly similar to the difference between
the CLF W(-) and the actual value function V. Thus, it is of interest
to find CLFs that are close to V. In this section we briefly discuss
an alternative, motivated by the empirically observed success of the
SDRE method, briefly covered in the Appendix.

From Lemma 3 in the Appendix, it follows that ¥ (x) = x’ P(x)x,
where P(x) denotes the solution to the SDRE, is a CLF in a neigh-
borhood of the origin. Moreover, because the control law uy. is
locally stabilizing, it can be easily shown that there exists 7y (pos-
sibly depending on the initial condition) such for all T > T the
constraints (25) are feasible. It follows that W(x) =x'P(x)x is a
suitable choice for the terminal penalty. Moreover from the proper-
ties of the SDRE method (see the Appendix), it follows that with this
choice the control law satisfies all the necessary conditions for op-
timality as O[||x(¢ + T)||*]. Thus, we will expect that Algorithm 2
using W(x) =x'P(x)x will generate a nearly optimal control law,
even when T is relatively small. In the next section we show that
this is indeed the case with two examples.

VI. Illustrative Examples

In this section we illustrate our results with two examples. The
first one is a simple academic example that can be solved analyti-
cally. Thus it can be used to analyze explicitly the source of perfor-
mance degradation when using feedback linearizationor the SDRE
method and to show the advantages of the proposed approach. The
second example, a realistic problem arising in the context of con-
trol of thrust-vectored aircraft, was used for benchmarking several
nonlinear design methods in Ref. 10.

Example 1: Consider the following regulation problem:

min{J:/ x22+u2dt} (35)
u 0

xl = X3

subject to:

Xy = —xe + %x% +e'lu (36)

The optimal control law is given by

oy = =5 (37)
with the corresponding optimal storage function
V(x) =x +xie™ (38)

A feedbacklinearizationdesign selected so that the closed-loopsys-
tem has the same storage function as ||x|| — 0 yields the following
controller and Lyapunov function:

up, = (1 —e ™ )x; — xe7 (1 + 0.5 % x,), Vil = xlz + x%

(39)

Note that up, =u,p only for small values of x; and x,. Consider
now the following SDC parameterization:

0 1 0
A= : , B = (40)
—e! 5% et

The solution to the corresponding SDRE is given by
X1

P(x) = [e ﬂ p(x) (41)

0
where

P(X) = [()C2| 26’\’1) + 1+ (x2| 26,(1)2}6—,(1 (42)
with associated control action
Usdre = ‘XZ[(Xz| 2e") +4/1+ (x2| 2en)2} (43)

Finally, it can also be shown that
x'P(x)x = pe'V(x) (44)

Thus x’ P(x)x gives a good estimate of V(x), and uge = Uop ONly
when (x,/2e") < 1.

Table 2 shows the different costs starting from the initial condi-
tion x(0) =[—2 2] for several controllers, with the corresponding
trajectories shown in Figs. 2 and 3. The last two entries of the table
correspond to the proposed controller using an horizon 7 =1 s and
as estimates of the value function ¥ = V¢ and ¥ =x' P(x)x, re-
spectively. In this case performance of both controllers is virtually
identical to optimal.

Example 2: Consider again the simplified model of the thrust-
vectored aircraft used in the Introduction. Table 3 shows the cost
corresponding to the initial condition £(0) = [0 0 0 12.5 0 0],
obtained using different controllers. The two lowest entries corre-
spond to the proposed method using 7' =1 s and 7, =0.5 s and
terminal penalties derived from JL and the SDRE methods, respec-
tively. The latter virtually achieves optimal performance, whereas
the former is only 2% suboptimal. This behavior can be explained
by looking at Fig. 4, which shows the different portions of the cost
as a function of the horizon, starting from the initial condition £(0).
These plots show that whereas W (x) =x’ P(x)x givesinitiallya very

Table2 Comparison of different
methods for example 1

Method Cost
Optimal 33.56
FL 95.11
SDRE 143.0
RH + FL 34.24
RH + SDRE 33.7

Table3 Comparison of different methods
for example 2

Method Cost

Exact 1115

LQR!? 1.1 x10°

CLF'0 2.53 x10*

Lpv!i0a 1833

SDRE 1640

RH +JL 1142(T = 1) 1321(T = 0.4)
RH+SDRE  1117(T=1) 1310(T = 0.4)

ALinear parameter varying.
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Fig.4 Terms of the cost as function of the horizon.

poor estimate of the cost-to-go, the combinationof ¥'(x) and the ex-
plicitintegralin Eq. (24) give a very good estimateif 7" is chosen =1
s. It is worth mentioning that a conventional receding-horizoncon-
troller[i.e., one obtainedby setting ¥ = 0 in Eq. (24)] with the same
choice of horizon and sampling time fails to stabilize the system.

VII. Conclusions

In contrast with the case of linear plants, tools for simultane-
ously addressing performance and stability of nonlinear systems

trated the fact that although several commonly used techniques can
successfully stabilize nonlinear systems the resulting closed-loop
performance varies widely. Moreover, these performance differ-
ences are problem dependent, with performance of a given method
ranging from (near) optimal to very poor.

In this paper we propose a new suboptimal regulator for affine
nonlinearsystems, based upon the combination of receding-horizon
and control Lyapunov functions techniques. The main result of the
paper shows that under certain relatively mild conditions this reg-
ulator renders the origin a globally asymptotically stable equilib-
rium point. In the limit as the horizon T — 0, the proposed control
law reduces to the inverse optimal controller proposed by Freeman
and Kokotovic? Thus, these conditions are essentially equivalent
to the existence of a CLF. Additional results in the paper show that
the regulatoris near optimal, provided that a good approximationto
the optimal storage function is known in a neighborhood of the ori-
gin. These results were illustrated with two examples. In both cases
the proposed controller outperformed several other commonly used
techniques. Finally, we note that the finite approximation (15) is
also valuable as a tool to speed-up off-line numerical computation
of near optimal solutionsby providingcomputationallyinexpensive,
yet suitableinitial conditionsfor numerical optimization algorithms
such as conjugate gradients.!!

An issue that was not addressed in this paper is that of the com-
putational complexity associated with solving the nonlinear opti-
mization problem (24). Following Ref. 10, this complexity could
be reduced by exploiting differential flatness to perform the opti-
mization in flat space. Additional research being pursued includes
the explicit incorporation of state and control constraints into the
formalism and its extension to handle model uncertainty.
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Appendix: SDRE Approach to Nonlinear Regulation

In this section we briefly cover the details of the SDRE approach
developedby Cloutierand coworkers.!® The main idea of the method
istorecastthe nonlinearsystem (5) into a state-dependentcoefficient
linear-like form

X =AX)x + B(x)u (A1)

and to solve pointwise along the trajectory the corresponding alge-
braic Riccati equation:

A'(x)P(x) + P(x)A(x) — P(x)B(x)R™'(x) B'(x)P(x) + Q(x) =0
(A2)

The suboptimal control law is given by g, = —%R“ (x)B'P(x)x,
where P(x) is the positive definite (pointwise stabilizing) solution
of Eq. (A2). In the sequel we briefly review the properties of this
control law. The corresponding proofs can be found in the appro-
priate references.

Lemma 3 (Ref. 18): Assume that Q(x) =C’'(x)C(x) and thatthere
exists a neighborhood 2 of the origin where the pairs {A(x), B(x)}
and {A(x), C(x)} are pointwise stabilizable and detectable respec-
tively and all of the matrix functions involved are C!. Then the
control law ugq,. renders the origin a locally asymptotically stable
equilibrium point of the closed-loop system.

Lemma 4 (Ref. 18): The SDRE controllaw and its associatedstate
and costate trajectories satisfy the following necessary condition for
optimality:

o0H

ou
where H =x'Q(x)x + /' R(x)u + X[ f(x) + B(x)u] is the Hamil-
tonian of the system and where A denotes the costates.

Lemma 5 (Ref. 18): Assume that the parametrization [Eq. (A1)]
is stabilizable and all of the matrices involved along with their gra-
dients are bounded in a neighborhood €2 of the origin. Then the
SDRE control law and its associated state and costate trajectories
asymptoticallysatisfy at a quadraticrate [i.e., [[A + d H/dx||— O as
O(|1x|*) as x — 0] following necessary condition for optimality:

o0H

1=-27
0x

in the sense that

R 0H
L+ — || <x'Ux
0x

for some constant matrix U > 0 and all x € Q.

Lemma 6 (Ref. 28): Let P(x) denote a solution to the SDRE
[Eq. (A2)]. If there exists a positive definite function V(x) such
that 0 V(x)/dx = P(x)x, then uy, is the globally optimal control
law. {A necessary and sufficient condition for this to hold is that
the Jacobian matrix (/0 x)[ P(x)x] is symmetric (see, for instance,
Ref. 29. Sec. 3.1). In this case V(x) can be computed as

V(x) =/ y'P(y) -dy
0

where this line integral is independent of the path.}
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